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Abstract 

In this paper we study moduli spaces of sheaves on an abelian or 
projective K3 surface. If S is a K3, v = 2w is a Mukai vector on S, 
where w is primitive and w 2 — 2, and H is a v— generic polarization 
on S, then the moduli space M v of H— semistable sheaves on S whose 
Mukai vector is v admits a symplectic resolution M v . A particular case 
is the 10— dimensional O'Grady example Mio of irreducible symplectic 
manifold. We show that M v is an irreducible symplectic manifold which 
is deformation equivalent to Mio and that H 2 (M V ,Z) is Hodge isometric 
to the sublattice v 1 - of the Mukai lattice of S. Similar results are shown 
when S is an abelian surface. 

1 Introduction and notations 

Moduli spaces of semistable sheaves on abelian or projective K3 surfaces are an 
important tool to produce examples of irreducible symplectic manifolds. In the 
following, S will denote an abelian or projective K3 surface. 

An element v <E H{S,'L) := H 2 *{S,T) will be written it as v — (uo,«i,U2)) 
where Vi e iJ 24 (S,Z), and v a ,v 2 € Z. If v > and vi € NS(S), then v is 
called Mukai vector. Recall that H(S, Z) has a pure weight-two Hodge structure 
defined as 

H 2 -°(S) := H 2 -°(S), H°< 2 (S) := H°' 2 (S), 

H hl (S) := H°{S, C) © H^(S) ® H 4 (S, C), 

and a lattice structure with respect to the Mukai pairing (.,.). In the following, 
we let v 2 := (v, v) for every Mukai vector v; moreover, for every Mukai vector v 
define the sublattice 

v 1 - := {a € H(S,Z) \ (a,v) = 0} C H(S,Z), 

which inherits a pure weight-two Hodge structure from the one on H(S, Z). 
If & is a coherent sheaf on 5, we define its Mukai vector to be 



v{&) := ch(&)y/td(S) = {rk(^), Cl (^),ch 2 (^) +erk(&)), 

where e = 1 if S is K3, and e = if S is abelian. Let H be an ample line bundle 
on S. For every n € Z and every coherent sheaf J^", let ^(nH) := ^ ® &s(nH). 
The Hilbert polynomial of & with respect to H is Pf/(^)(n) := x(^{ n H)), 
and the reduced Hilbert polynomial of & with respect to H is 
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where au(^) is the coefficient of the term of highest degree in Pjj(^)- 

Definition 1.1. A coherent sheaf & is H— stable (resp. H — semistable) if it 
is pure and for every proper S C ^ we have pjy(#)(n) < pH{^){n) (resp. 
PH{£){n) < p H {^){n)) /orn»0. 

Let H be a polarization and v a Mukai vector on S. We write M V (S, H) (resp. 
M%(S,H)) for the moduli space of H— semistable (resp. H— stable) sheaves on 
S with Mukai vector v. If no confusion on S and H is possible, we drop them 
from the notation. 

From now on, we suppose that H is a v— generic polarization (for a definition, 
see section 2.1). We write v = mw, where m € N and w is a primitive Mukai 
vector on S. It is known that if 7^ 0, then is smooth, quasi-projective, 
of dimension v 2 + 2 and carries a symplectic form (see Mukai [12] )• If S is 
abelian, a further construction is necessary: choose J^o G M V (S,H), and define 
a v : M V (S, H) — > S X S in the following way (see [25]): let p§ : S x S — > S be 
the projection and & the Poincare bundle on S x S. For every & 6 M V (S, H) 
we let 

o„(^) := (det( P§[ ((^ - JT ) ® (5» - ^ Sx ^)),dei(J?) ® det(^o)- 1 ). 

Moreover, we define K V (S, H) := a~ 1 (0s, &s), where Og is the zero of S. More- 
over, we denote H the dual polarization on S. 

If S is a projective K3 surface, v = w (i. e. m = 1) and H is u— generic, 
the moduli space M V (S,H) is well understood thanks to the work of several 
authors (see Mukai Q2], Beauville [J, O'Grady [H], Yoshioka [22, [23])- The 
final result is the following: 

Theorem 1.2. (Mukai, Yoshioka) . Let S be an abelian or projective K3 
surface, v a primitive Mukai vector and H a v— generic polarization. Then 
M V (S,H) = M%(S, H), and we have the following results: 

1. if S is K3 and v 2 = —2, then M V (S, H) is a reduced point; 

2. if S is K3 and v 2 = 0, then M V (S, H) is a K3 surface and there is a Hodge 
isometry between v /Z • v and H 2 {M Vi Jj); 

3. if S is K3 and v 2 > 2, then M v is an irreducible symplectic variety of 
dimension 2n = v 2 + 2, which is deformation equivalent to Hilb n (S), the 
Hilbert scheme of n—points on S . Moreover, there is a Hodge isometry 
between v x and H 2 {M V ,1,), where the latter has a lattice structure given 
by the Beauville form; 

4- if S is abelian and v 2 > 6, then K V (S,H) is an irreducible symplectic va- 
riety of dimension 2n — v 2 — 2, which is deformation equivalent to K n (S), 
the generalized Kummer variety on S , and there is a Hodge isometry be- 
tween v 1 ' and H 2 (K V , Z). 

If v is not primitive, then M v can be singular: it is natural to askjf there is 
a symplectic resolution of M v , i. e. a resolution of singularities n v : M v — > M v 
such that on M v there is a symplectic form extending the one on M*. The first 
result appearing in the literature is the following: 
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Theorem 1.3. (O'Grady). 

1. Let S be a projective K3 surface, v :— (2,0,-2) and H a v— generic po- 
larization. Then M\q :— M V {S,H) admits a symplectic resolution n : 
M\o — > M\q, and M\q is an irreducible symplectic variety of dimension 
10 and second Betti number 24- 

2. Let S be an abelian surface, v := (2,0,-2) and H a v— generic polariza- 
tion. Then Kq := K V {S, H) admits a symplectic resolution 7r : Kq — > Kq, 
and Kq is an irreducible symplectic variety of dimension 6 and second Betti 
number 8. 

The first example is studied by O'Grady in [15] . the computation of its second 
Betti number is started in [TS] and completed in [19] , The second example is 
contained in |16j . For the remaining cases, we have the following answer about 
the existence of symplectic resolution (see [IT], [8]): 

Theorem 1.4. Let S be an abelian or projective K3 surface, v = mw a Mukai 
vector such that m > 2 and w 2 = 2k for some k 6 N. If w = (r, £, a), suppose 
that either r > and £ G NS(S), or r = 0, £ is the first Chern class of an 
effective divisor and a ^ 0. Finally, let H be a v— generic polarization. Then: 

1. if m = 2 and w 2 = 2, then M V (S,H) admits a symplectic resolution 
77 •„ : M v = M V (S,H) — > M v , obtained as the blow-up of M v along the 
singular locus £„ = M v \ with reduced structure (Lehn-Sorger) ; 

2. if m > 3, or m = 2 and k > 2, then M V {S,H) does not admit any 
symplectic resolution and it is locally factorial (Kaledin- Lehn-Sorger). 

In this paper, we deal with the moduli spaces verifying the conditions of 
point 1 of Theorem ll.4l We resume these conditions in the following: 

Definition 1.5. Let S be an abelian or projective K3 surface, v a Mukai vector, 
H an ample line bundle on S. We say that (S,v,H) is an OLS-triple if the 
following conditions are verified: 

1. the polarization H is primitive and v— generic as in Definition \2. H 

2. we have v — 2w, where w is a primitive Mukai vector such that w 2 = 2; 

3. if w = (r, f , a), we have r > 0, £ G NS(S), and if r — then £ is the first 
Chern class of an effective divisor. 

The name OLS-triple is chosen because they were first studied by O'Grady 
in [15], QI] and Lehn-Sorger in [TJ^ If (S, v, H) is an OLS-triple, then M V (S, H) 
admits a symplectic resolution M V (S,H) obtained by blowing-up M V (S,H) 
along its singular locus with reduced structure. If S is abelian, let 

k v =K v {S,H) :=k-\K v ), 

and we still write tt v : K v — >■ K v for the symplectic resolution. 

The aim of the present paper it to generalize Theorem 11.21 to OLS-triples. 
Namely, we prove the two following theorems, which are the main results of this 
paper: 
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Theorem 1.6. Let (S,v,H) be an OLS-triple. 

1. If S is K3, then M V (S,H) is an irreducible symplectic variety which is 
deformation equivalent to M\q. 

2. If S is abelian, then K v (S, H) is an irreducible symplectic variety which 
is deformation equivalent to Kq. 

The proof of this Theorem is contained in Section 2. The idea is to use 
deformations of the moduli spaces and of their symplectic resolutions induced 
by deformations of the underlying surfaces, and isomorphisms between moduli 
spaces with different Mukai vectors which are induced by Fourier-Mukai trans- 
forms (the main ingredient here is given by some results of Yoshioka, see [24] ) . 

Theorem 1.7. Let (S,v,H) be an OLS-triple. 

1. If S is K3, then ir* : H (M V ,Z) — > H 2 (M V ,Z) is injective, and the 
restrictions to H 2 (M V ,Z) of the pure weight-two Hodge structure and of 
the Beauville form on H 2 (M V ,Z) give a pure weight-two Hodge structure 
and a lattice structure on H 2 (M V , Z). Moreover, there is a Hodge isometry 

Xy-.v 1 - — > H 2 (M V ,Z). 

2. If S is abelian, then ir* : H 2 (K v , Z) — 5- H 2 (K v , Z) is injective, and the 
restrictions to H 2 (K V ,Z) of the pure weight-two Hodge structure and of 
the Beauville form on H 2 (K V ,Z) give a pure weight-two Hodge structure 
and a lattice structure on H 2 (K v , Z) . Moreover, there is a Hodge isometry 

v v :v^ — > H 2 {K V ,Z). 

The proof of this is contained in Section 3. The reason why ir* is injective 
is because the singularities of M v and K v are rational. The construction of 
the morphism A„ is a generalization of that of the Mukai-Donaldson morphism. 
Using Theorem 11.61 and some commutativity of diagrams we can reduce to the 
case of Mio or K 6 : there one finally uses results of [H] and [H] to conclude. 

2 Deformations of moduli spaces 

In this section we study how moduli spaces and their symplectic resolutions 
vary under deformation. In section 2.1 we recall the notion of v— genericity of 
polarizations. In section 2.2 we introduce the main deformation we will look at, 
i. e. the deformation of a moduli space and of its symplectic resolution induced 
by a deformation of an OLS-triple along a smooth, connected curve. In section 
2.3 we give explicit deformations of OLS-triples whose Mukai vector has positive 
rank, and in section 2.4 we use these and some results of [53] to prove Theorem 
li~6l 

2.1 The v— genericity and properties 

In this section we recall the definition of v— generic polarization. Let S be an 
abelian or projective K3 surface, v — (vq, v%, v-x) a Mukai vector on S. Moreover, 
let H be any polarization, i. e. H £ Amp(S), where Amp(S) C NS(S) is the 
ample cone of S. 
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Definition 2.1. A polarization H is v— generic if for every H— poly stable sheaf 
<§ of Mukai vector v and every direct summand & of $ ', we have v{^) 6 Q- v. 

We give a characterization of the v— genericity of a polarization. Let H be 
any ample divisor on 5, and let v = (vq, v\, V2) be a Mukai vector. Let S be an 
H— semistable sheaf with Mukai vector v, and let J?" C S an H— destabilizing 
subsheaf with Mukai vector u := (uq, u\, 112). 

Definition 2.2. The divisor associated to the pair is defined as follows: 

1. if > 0, it is the divisor D := uqVi — vqU\; 

2. if vq = 0, it is the divisor D := U2V1 — v%u\. 

The set of the non-zero divisors associated to all the possible pairs is denoted 
W V {H). 

The characterisation of the v— genericity is the following: 

Lemma 2.3. Let v = (uq,«i,U2) be a Mukai vector such that if vq — 0, then 
i>2 =/= 0. A polarization H is v— generic if and only if W V (H) = 0. 

Proof. We present a proof for v$ > 0, as the one for v$ = is similar. Suppose 
that W V (H) = 0, and let S be a strictly H— polystable sheaf with Mukai vector 
v. Let & be a direct summand of and let v(JP) = (ito,«i,W2). Recall that 

Vh{S) = u +2—n + 2^- wr , PH (^)=n +2-^, + 2—^, 

and as & is a direct summand of <o, we have pniS') — Ph{^)- This gives 
u 2 = {uq/vq)V2 and as W V (H) = 0, the divisor D associated to the pair (d?,^) 
is trivial, so that u\ = {uq/vq)v\. Hence u — (uq/vq)v, and H is v— generic. 

For the converse, suppose that H is v— generic. Let S be an H— semistable 
sheaf with Mukai vector v, and let & be any H— destabilizing subsheaf of § with 
Mukai vector u = (7x0,^1,1*2)- The v— genericity of H implies that u = (p/q)v 
for some p,g £ Z. This means that p/q = uo/vq, and that u\ = (uq/vq)vi. 
Then the divisor associated to the pair (<?, j?) is trivial, and we are done. □ 

We now study the relation between the notion of v— genericity given in Def- 
inition |2TT] and those of ^3] and of Appendix 4.C of [7]. To do so, we recall the 
notions of v— walls and v— chambers: as these notions when vq > are different 
than when vq = 0, we need to divide in these two cases. 

2.1.1 Walls and chambers for vo > 2 

In this section we suppose vq > 2. If S is a K3 surface, let 

,,2 „,4 



If S is abelian, let 
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Notice that \v\ depends only on (v,v) and vq, and as vo > 2, then |u| > 0. Hence 
it makes sense to define 

W v := {D £ NS(S) I - M < D 2 < 0}. 

By Theorem 4.C.3 of [7], we have W V (H) C W v for every H E Amp(S). 
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Definition 2.4. Let D £ W v . The v—wall associated to D is 

W D := {a £ Amp(S) \ D ■ a = 0}. 

Notice that the v—wall associated to D £ W v is a hyperplane in Amp(S). 
By Theorem 4.C.2 of [7] the subset {J DeWv W D C Amp(S) is locally finite. 

Definition 2.5. yl connected component of Amp(S) \ [J DeW W D is called 
v— chamber. 

A v— chamber is then an open connected subcone of Amp(S). Now, these 
v— chambers are important as if a polarization is in a v— chamber, then it is 
v— generic, as shown in the following: 

Lemma 2.6. Let v — (vq, v\, V2) be a Mukai vector such that vq > 2, and let C 
be a v— chamber. If H £ C, then H is v— generic. 

Proof. If H £ C, then H £ W D , i. e. D ■ H ^ for every D e W v . As 
C W„, we have that H is v— generic. □ 

If H is a 1;— generic polarization, then it is not necessarily contained in some 
v— chamber. It is easy to produce examples of v— generic polarizations lying on 
some v—wall, as the following: 

Example 2.7. Let Y be an elliptic K3 surface with NS(Y) = Z • a 8 Z • /, 
where a is a section and / is a fiber. The line bundle H = a + 3/ is ample, 
hence it gives a polarization on Y . Consider the Mukai vector v := (2, a + 2f, a), 
where a is odd and a < 1. Then v is primitive, w 2 > —2 and |v| > 6. Notice 
that D := a - f is such that L> 2 = -4, so that D e W v , and D ■ H = 0, 
so that -ff is not in a v— chamber. Nevertheless, H is w— generic: if £ is an 
7J— semistable sheaf of Mukai vector v, then x(<^) = a + 2 is odd, so that § 
cannot be strictly H— semistable: if it was not H— stable, then x(^) would be 
even. Hence W V (H) = 0, so that H is v~ generic by Lemma \2. 31 

In general, the moduli space M V (S,H) depends on the choice of H. We 
now show that M V (S,H) does not change when if is a v— generic polarization 
moving in the closure of a v— chamber. 

Proposition 2.8. Let v = (i>o, v±, V2) be a Mukai vector such that vq > 2. Let G 
be a v— chamber, and suppose H, H' £ C are two v— generic polarizations. Then 
a sheaf S of Mukai vector v is H~ semistable if and only if it is H' —semistable, 
i. e. there is an identification M V (S,H) = M V (S,H'). 

Proof. We present a proof for H 1 £ C and H £ dC The same proof works for 
H, H' £ C (see even [25] for a complete proof in this case), so that we are done. 
Let 

[H, H'] := {H f := tH + (1 - t)H' 1 1 £ [0, 1]}. 

As H' £ 6 and 6 is a convex cone in Amp(S), then [H, H'\ n d(E) = {H}. We 
show that if a sheaf S is H— semistable and v(S') = v, then S is H'— semistable. 
The statement then follows: we have an inclusion / : M V (S, H) — > M V (S, H'). 
As H' £ C, then M V (S, H') and M V (S, H) are both irreducible, reduced, normal 
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and have the same dimension, hence / is an isomorphism. Recall that if ^ is a 
sheaf with v(&) = (vq,vi,V2), vo > and L is a polarization, then 



v L 2 v L 2 

Let S be H— semistable with v{$) — (vq, v±, uq), vq > 0, and suppose that 
S is not fT— semistable. Then there is & C <^ with := (110,1*1,1*2) such 

that p/f' (^) > ph> (<?), hence uo > 0. Suppose that there are c,d eZ such that 
cui = dui. For every polarization L we then have 

Ui ■ L ( dvo \ V\ ■ L .j. 



U \CUo/ «0 

As J? is ii'— destabilizing, we have either ui-H'/uq > v\ -H'/vq, or u\ -H'/uo — 
v% ■ H'/vq and U2/W0 > Vz/vo. The first condition implies dvo/cuo > 1. Hence 
UfH/uo > vi-H/vo by equation ([T), which is not possible as <^ is if— semistable. 
The second condition implies duo/cvo = 1, so that iti ■ H/uq = V\ ■ H/vq. As 
U2/11Q > V2/V0, we get ph(^) > Ph(<o), which again is not possible. 

In conclusion, u\ is not a rational multiple of V\. As S is H— semistable, we 
have Mi ■ H/uq < Vi ■ H/vq. Let D be the divisor associated to the pair (<?, 
If u\ ■ H/uq = v\ ■ H/vo, then we have D ■ H = 0. As iJ is w— generic, we have 
D = 0, i. e. iti = (uo/wo) u ij which is not possible as u\ is not a rational multiple 
of v\. In conclusion, we need u\ ■ H/u$ < V\ ■ H/v . As & is H'— destabilizing, 
then u\ ■ H'/uq > v\ ■ H'/vq- The function 

/ : [0, 1] — ► M, f(t) := D ■ H t 

is continuous with /(0) < 0, /(l) > 0. Hence there is t g (0, 1] such that 
/(t) = 0. As Z) • H ^ 0, we get D ^ 0, so that D e W v . Moreover, we have 
D ■ H t = 0, so that H t € W D . As t > 0, we have then iJ t 6 C, hence we get a 
contradiction, and we are done. □ 

Remark 2.9. If (S, v, H) is an OLS-triple where v = 2(r, £, a) with r > 0, then 
M v is non-empty (this was shown by Yoshioka, as signaled in [S]) and it is a 
10— dimensional irreducible, normal, projective variety whose singular locus is 
T, v := M V \M£, and there is a symplectic resolution ir v : M v — > M v obtained as 
blow-up of M v along E„ with reduced structure. This is contained in |llj : even 
if formally stated by asking that H is in a v— chamber, the argument applies 
to every v— generic polarization. Moreover, by Proposition 12.81 we can always 
assume that H is in a v— chamber. 



2.1.2 Walls and chambers for Vq = 

In this section we deal with the case v = (0, V\, ^2)- The definition of v— generic 
polarization we gave is, for rank 0, formally the same as the one for positive 
rank. In any case, as Yoshioka first remarked, if vq = it can happen that there 
is no v— generic polarization at all, as shown in the following: 

Example 2.10. Let v := (0,ci(L),0) be primitive, and suppose that there are 
two distinct irreducible curves C\,Ci € \L\. For i = 1,2 let Li e Pic(d) be 
a line bundle of degree di = g(Ci) — 1, and let j t be the inclusion of Cj in 
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S. Then ji*Li has Mukai vector Vi — (0, Ci,0), and it is H— stable for every 
H € Amp(S'). Moreover ji*Li 32*^2 is strictly H— semistable of Mukai vector 
v, and i? is not v— generic. 

We now define walls and chambers for v = (0, v\, V2) and V2 =/= 0. 

Definition 2.11. Let S be any 'pure sheaf with Mukai vector v, and let & C $ 

with Mukai vector u = (0, 1*1,112). The divisor associated to the pair is 
D := U2V1 — V2U1. The set of the non-zero divisors associated to all the possible 
pairs is denoted W v . 

Definition 2.12. Let D E W v . The v—wall associated to D is 
W D := {a e Amp(S) \ a ■ D = 0}. 

As shown in [23], the set of v— walls is finite. 

Definition 2.13. A connected component of Amp(S) \ [J d <ew W d is called 
v— chamber. 

Again, if a polarization is in a v— chamber, then it is v— generic: 

Lemma 2.14. Let v = (0,vi,v^) be a Mukai vector such that V2 ^ 0, and let 6 
be a v— chamber. If H € 6, then H is v— generic. 

Proof. The proof is the same as the one of Lemma 12.61 □ 

As in the previous case, we now show that the moduli space M V (S, H) does 
not change when H is a v— generic polarization moving inside the closure of a 
v— chamber. 

Proposition 2.15. Let v = (0, vi,U2) be a Mukai vector such that V2 =/= 0. Let 
6 be a v— chamber, and suppose that H,H' G C are two v— generic polariza- 
tions. Then a sheaf S of Mukai vector v is H ~ semistable if and only if it is 
H' —semistable, i. e. there is an identification M V (S,H) — M V {S,H'). 

Proof. The proof follows the same pattern as the one of Proposition ^. 81 □ 

Remark 2.16. Let (S,v,H) be an OLS-triple where v = 2(0, £, a), then M v 
is non-empty (this was shown by Yoshioka, as signaled in [5]), and it is a 
10— dimensional irreducible, normal, projective variety whose singular locus is 
Y, v := M V \M^, and there is a symplectic resolution ir v : M v — > M v obtained as 
blow-up of M v along £„ with reduced structure (see Remark 12.91) . Moreover, if 
v = 2(0, £, 0) the tensorization with H gives an isomorphism between M V (S, H) 
and M V ,(S, H), where v' = 2(0, £, f • H), where £ • H > (see Theorem 3.14 of 
[26]'): hence, we can always suppose v = 2(0, £, a) for o^O, and by Proposition 
12. 151 that H is in a v— chamber. 
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2.2 Deformations of OLS-triples 

We introduce the main construction we use in the following. Let (S, v, H) be an 
OLS-triple and T a smooth, connected curve, and use the following notation: if 
/ : Y — > T is a morphism and Jz? G Pic(Y), for every igTwe let Y t := 
and JSf t :=JSfjy t . 

Definition 2.17. Le£ (S,v,H) be an OLS-triple, where v — 2(r, £, a) and £ = 
C\{L). A deformation of (S,v, H) on T is a triple {St?, 34?, ?£ ), where: 

1. St? is a projective, smooth deformation of S along T , i. e. there is a 
smooth, projective, surjective map f : 3t? — > T such that S??% is a projec- 
tive K3 surface (resp. an abelian surface) for every t G T, and there is 
G T such that S?q ~ S ; 

2. 34? is a line bundle on 2? such that 3%t is ample for every t G T and such 
that 34?„~ H; 

3. J? is a line bundle on 3t? such that Jz?o — L. 

4- if for every t € T we let £ t := c\{S£t), Wt := (r,£t,a) and v t := 2wt, then 
we ask that 3% is vt— generic. 

Remark 2.18. Notice that if (S,v,H) is an OLS-triple and {3E , jSf, 3f?) is a 
deformation of (S, v, H) along a smooth, connected curve T, then (Sft,Vt, 34? t ) is 
an OLS-triple for every t G T . Indeed, we have Vt = 2u> t , where Wt is primitive 
and iof = 2. Moreover, if r = 0, then £ t is effective: we have = 2, hence either 
£t or — £t is effective; as £ is effective, then — £ • H < 0, so that — £ t • ^ < 0, 
hence £ t is effective. 

Remark 2.19. Consider an OLS-triple (S,v,H) where 5 is a projective K3 
surface (resp. an abelian surface) and v — 2(r, £, a), where £ = Ci(£). Let T be a 
smooth, connected curve. Moreover, consider a smooth, projective deformation 
/ : S? — > T of S such that St?o ~ S 1 , and on consider two line bundles 
and _£? such that 3% ~ and Jfo — £• In general, we have that (^T t , w t , ^) is 
not an OLS-triple for every t £ T: by Remark l2.181 this is the case if and only 
if 3ft is ample and Vt— generic for every t € T. Up to removing a finite number 
of points from T, we can always assume that this is the case. Indeed, the set of 
i e T such that 34? t is not ample is finite. For the vt— genericity, we have the 
following Proposition. 

Proposition 2.20. Let (S,v,H) be an OLS-triple where S is a projective K3 
surface (resp. an abelian surface) and v = 2(r,£,a), £ = c\{L). Let T be a 
smooth, connected curve, f : St? — > T a smooth, projective deformation of S 
such that St?o ~ S , 34? G Pic{S?) such that 34? t is ample for every t € T and 
34?q — H , and Jzf G Pic{5t?) such that Jz?o — L. Then the set 

T := {t G T | ^ is not i>t — generic} 

is finite. 

Proof. Consider the relative moduli space of semistable (resp. stable) sheaves 
<j> : Jt — > T, {resp. <\f : Jl s — > T) 
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associated to /, where <f> (resp. 4> s ) is a projective (resp. quasi-projective) map, 
such that M t = M Vt (%i,J%) (resp. J(% = M* t (JT t ,^)) for every teT. By 
Theorem 4.3.7 in [TJ, J( s is an open subset of J( . Let ^ sa :— .^\^£ s , which is 
a closed subset oiM. By definition, ^# t ss parameterizes strictly Mi— polystable 
sheaves for every teT. There is an irreducible component S of ^# ss such that 
E fl J%t parameterizes strictly Mt— polystable sheaves whose direct summands 
are two .J^— stable sheaves with Mukai vector wt- Let S be the union of all the 
other irreducible components of ^# ss . By definition of v— genericity we have 
T 1 = As 5 is closed in ^# and the morphism <j> is projective, then (^(H) 

is a closed subset of T. Moreover, notice that as (^o,v ,J^o) = (S,v,H) is 
an OLS-triple, then Jrf?o is vq— generic. Then ^ T' , and T' is a proper closed 
subset of T. □ 

The reason why we introduce the notion of deformation of an OLS-triple, is 
because they allow us to study how the algebraic structure of the corresponding 
moduli space (and of its symplectic resolution) varies under variations of the 
algebraic structure of the base surface. The first result we prove is that the 
relative moduli space <p : ^# — > T associated to a deformation of an OLS-triple 
along a smooth, connected curve T, is a flat family. 

Lemma 2.21. Let (S,v,H) be an OLS-triple, T a smooth, connected curve, 
and (SP , Jzf, Jf?) a deformation of (S, v, H) along T . Then <f> : *M — > T is flat. 

Proof. Let t e T, T° := T\{t} and := 0~ 1 (T ). The morphism </» is flat 
over t if and only if the fiber ^ t is the limit of the fibers as s — > t, by Lemma 
11-29 of [4j. Now, the limit is the fiber over t of the closure of the family 
hence there is an inclusion of the limit in Recall that j$t = M Vt (^ t ,Jift) 
is reduced and irreducible, hence it has to coincide with the previous limit. □ 

If (S,v,H) is an OLS-triple, then choosing a non-trivial deformation of it 
along a smooth, connected curve T we get a flat, projective deformation <j> : 
j% — > T of M V (S, H). We now present the main result of this section, which is 
about local properties of this deformation: it is easy to see that if to e T is any 
point and U is any open neighborhood of to in T, then _1 ([/) is not isomorphic 
to a product ^#f x U. However, we show in the following Proposition, that this 
is true locally at every point in every fibre. 

Proposition 2.22. Let (S, v, H) be an OLS-triple, T a smooth, connected 
curve, and (JT, Jzf , JiC) a deformation of (S,v,H) along T. Let p e ^# and 
:= 4>(p). Then the germ ,p) is isomorphic, as germ of complex spaces, to 
the product (T, 0) x (^ ,p). 

Proof. We need the following definition: let <j> : jtft — > T (resp. <fi s : ^ s — > T) 
be the relative moduli space of semistable (resp. stable) sheaves associated to 
the deformation (^,JSf, 3tf) of (S,v,H) along T. Let £ := Jt\ Ji s , which is 
a closed subset of Jt. Notice that 

teT 

and we use the notation £ t := E n ^# = E Ut . MOreover, for every t £ T let fit 
be the singular locus of E t , and fi be the closed subset of j% parameterizing 
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sheaves of the form S ® where S is stable. Notice that 

teT 

As Mt — M Vt {Stti J%t) f° r every t £T, the point p € is one of the following: 
p is smooth, i. e. p € -^tf; p £ So \ l!o, i. e. p is a singular point of type 
A\] p € Hq. If p is smooth, the result is trivial, and there is nothing to prove. 
Hence, we suppose p e So- We have then two cases: 

Case 1: p G So \ Oq. Consider the Zariski tangent space T v j$ of at p: 
we have dira(T p ^) = dim(^) + 1 — 12. Consider an analytic open neighbor- 
hood U of p in T p ^#, so we can view it as an open neighborhood of in C 12 . 
We let xi,...,xi2 be a coordinate system on C 12 : we can suppose X12 = t, a 
local coordinate of T at 0, and the point p corresponds to the point (0,...,0). 
Moreover, U l~l j$ is an analytic subvariety of U of codimension 1, hence there 
is / € hol (U), a holomorphic function on [/, such that the equation of £/ n 
is /(xi, xn, t) — 0. Finally, we can choose U so that Utlfl — 0. By the func- 
toriality properties of the relative moduli space, we have that £ \ Q is smooth 
and submersive on T, so that we can suppose that the equation of U PI £ is 
x\ = X2 = X3 = 0. As near p the fibre ^#0 is analytically isomorphic to a 
product of an A \— singularity with a smooth polydisc (see we have 

/(Xi, ...,Xn,0) =X 2 +X2+X3, 

so that 

f(xi,...,xix,t) = x\ + x\ + x 2 +y^pj(xi,— ,xn)f j , 

i 

where are polynomials on J7 depending only onxi,...,xn. Moreover, we have 
Pj € I 2 for every j, where I is the ideal of & hol (U) generated by x\, x% and X3. 

Now, let p : U — > T defined as p(xi, xn, t) := t, and let V := U tl S, on 
which we have coordinates t. Finally, let 

p' : U — y V, p'{x\, ...,xn,t) := (x 4 , ...,xu,i) 

and q : V — > T be defined as q(x4, Xn, t) :— t. Notice that q o p' = 
p. Moreover, the fibers of p' are all singular, and the fiber over has an 
A\— singularity. By the deformation theory of A\— singularities of [5], we have 
that there is an open neighborhood U' C jM of the point p which is a product 
of an A \— singularity by a 9— dimensional polydisc D. As (j>\u> is identified with 
P\xji, then the projection onto D factors <j). Hence 4> is locally trivial at p, and 
we are done. 

Case 2: p € fio- The strategy is the following: first, we show that for every 
n £ N, the infinitesimal n— th order deformation of ^#0 induced by ^# is locally 
trivial at p. Once this is shown, the statement follows in this way: by Corollary 
0.2 of [5] there is a maximal subspace (T',0) C (T, 0) such that (JKt 1 , p) is 
isomorphic, as germ of complex spaces, to the product (T', 0) x (^ ,p) (where 
./#r' := ^ Xj T"). Notice that as the infinitesimal n— th order deformation 
of ^0 induced by is locally trivial at p for every n, then T" is positive 
dimensional. As T is a curve, we finally get (T", 0) = (T, 0), and we are done. 

We are left to prove that the infinitesimal n— th order deformation of ^#0 
induced by ./# is locally trivial at the points of fio for every n, and we proceed 
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by induction on n. For n — 1, let 

T 1 := <?xt l (n]* o ,0« o ), 

where fi^. is the sheaf of holomorphic 1— forms on ^#o : then T 1 is supported 
on So, and the local sections of T 1 correspond to local infinitesimal first order 
deformations of ^#o- Moreover, by [TT] we know that T 1 is pure. 

We show that the infinitesimal first order deformation of induced by j$ 
is locally trivial at p: consider a Stein open neighborhood U± of p in and 
let s be the element of T 1 on U\ induced by M . Let q £ U\ H (S \ f2o) : then q 
is a point of the previous case, hence s is locally trivial at q. This means that 
there is a Stein open neighborhood V q C f/i of g such that S|y is trivial. By 
purity of T 1 , s is trivial on f/i , and we are done. 

By induction, suppose that the infinitesimal n— th order deformation of 
induced by j$ is locally trivial at p. There are two extensions of it to a local 
infinitesimal (n + 1)— th order deformation at p: the trivial one, which we call 
si, and the one induced by which we call s%. By Theorem 2.11 of [2Tj 
and Lemma 2.12 of [5] there is a transitive action of T 1 on the space of small 
extensions, hence there is an element h of T 1 on a Stein open neighborhood 
U of p such that h(si) — S2, where h(s\) is the action of h on s\. Let q £ 
U n (So \ CIq): as this is a point of the previous case, the infinitesimal (n + 1) — th 
order deformation of ^#o induced by ^# is locally trivial at q, hence there is a 
Stein open neighborhood V q C {/ of g such that S2|y, — s i|v,- This implies that 
/i|v is trivial. Again, by purity of T 1 this implies that h is trivial on U, so that 
Si = S2 on [/, and we are done. □ 

The Proposition we just proved has two important consequences. The first 
one is that if (Si,Vi, Hi) and (£2,1*2, -^2) are two OLS-triples which are re- 
lated by a deformation of OLS-triples along a smooth, connected curve, then 
M Vl (Si,Hi) and M V2 (S2, H 2 ) are deformation equivalent. We now look at de- 
formation of the symplectic resolution M V (S, H) of the moduli space M V (S, H). 

Proposition 2.23. Let (S, v, H) be an OLS-triple, T a smooth connected curve, 
and {3fc , Jzf ', Jfif) a deformation of (S,v, H) along T. 

1. If S is a K3 surface, then M V (S, H) is irreducible symplectic if and only if 
M Vt {3ty tl 3%t) * s f or some (and hence for all) t £ T , and their deformation 
classes are equal. 

2. If S is an abelian surface, Then K V (S,H) is irreducible symplectic if and 
only if K Vt (& t , J#t) is for some (and hence for all) t £ T, and their 
deformation classes are equal. 

Proof. Let us suppose that S is K3, and define tt : jtfi — > ^# to be the blow-up 
of along S with reduced structure. We have a morphism 

tp :— <j) o 7r : ./# — > T, 

which is projective (as <fi and tt are projective) and flat (by Lemma 12.211) . As 
an immediate consequence of Proposition ^. 221 we have that 

2t = (Bh rcd ^) t = Bl^ Tei Jtt- 
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Moreover, we have jftf, = M» t (S(, J?) and £t ire d = ^v t ,red, and 

Bl^ trcd M Vt {^ u jn)=Mv t {^u.m) 

for every t € T. Hence M Vt (3^t, J^t) is a smooth, symplectic, projective variety. 
As T is smooth and connected, the statement follows as in the proof of Corollary 
6.2.12 of [7]. 

If 5 is an abelian surface, we need one step more: define X := Pic (ST), 
with the natural map / : 3£ — > T, which is again smooth. Consider 

Z := {(0 Xt , ff Xt ) S x 1 1 G X 1 } C x t , 

with the natural morphism g : Z — 5- T, which is clearly an isomorphism. 
Moreover, we can define a T— flat morphism 

a :JK — > % x T S£, 

such that a\^ t := a Vt . Notice that <p — 9 ° a - Now, define 

X := Jt * Xxt x Z - 

Hence we have a morphism 

4>° := g o p z : X — > T, 

where pz ■ X — > Z is the natural projection. Notice that <fp is flat and 
projective, and that for every t € T we have J^t = K Vt ( 3t>t , Ht ) : in conclusion, 
J(f is a projective, flat deformation of K v . Now, let X :— x j% X ', which 
has a natural projection 

^° :=0 o o Pjr :i^ T, 

which is flat and projective. The rest of the proof now goes as in the case of K3 
surfaces. □ 

The second consequence of Proposition 12.221 is that the family <f> : j$ — > T 
is topologically a product on small open subsets of T . More precisely, we have 
the following: 

Corollary 2.24. Let (S,v,H) be an OLS-triple, T a smooth, connected curve 
and (9? , Jz? , Jf) a deformation of (S,v,H) along T. Let 4> : j$ — > T be the 
relative moduli space induced by (9!~, S£ , Jrff). Then for every t € T there is an 
open neighborhood UCToft, and a homeomorphism 

h : _1 (i7) — >4xf/, 

such that p\j oh = <f>, where pu : .41% x U — > U is the projection. 

Proof. Let S := {5*1,52, 53} be the stratification of M given by S\ := Ji\ S, 
52 := E\0 and 53 := fi. Let us suppose that the stratification § is Whitney: as 
every stratum Si is submersive on T, and as the closure Si of Si in Ji is proper 
over T, the statement then follows from the Thorn First Homotopy Lemma (see 
Theorem 3.5 of 0). 
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We then need to show that the stratification § is Whitney, i. e. that for 
every i = 1,2,3, the stratum Sj is Whitney regular over Sj for every j > i 
(see Definition 1.7 of [2]). Let t € T, and recall that for every t £ T we have 

= M„ t . Let St = {S*!^, 5*2,*, •S'a,*} be the stratification of M Vt obtained as 
Si.t '■= Si n More explicitely, we have Sij '■— M Vt \ Eti S^t := S t \ tt t and 
53.t := fit. Notice that the stratification S of ^ is Whitney if the stratification 
§ t of M Vt is Whitney for every t £ T: indeed, by Proposition ^. 221 we know that 
for every p £ jtft the germ is isomorphic, as germ of complex spaces, to 

the product (T,(f>(p)) x {Jt^^p). 

In conclusion, we need to show that the stratification S t is Whitney for every 
t G T, i. e. that for every i = 1,2,3, the stratum Si_t is Whitney regular over 
each stratum Sj t with j > i. We have two cases: 

Case 1: S\ t t is Whitney regular over S^t- To do so, let p £ 5 2 ,t = S t \ fi t : 
then there is an open neighborhood U C M„, of p, which is a product of a 
type A i— singularity by an 8— dimensional polydisc. As the stratification of the 
singularities of the type A\— singularity is Whitney, this implies the Whitney 
regularity of Si over 5*2. 

Case 2: Sij and S^t are Whitney regular over Sa t t- Let q £ Sa t t = &t- 
then there is open neighborhood V C M Vt of q which is a product of a singular 
6— dimensional variety Z with a 4— dimensional polydisc. Let Z S i ng be the 
singular locus of Z, and (Z S i ng ) S i ng the singular locus of Z S i ng . Notice that 
Zsing =StHF and (Z S i ng ) S i ng = fi t n V. Hence, the stratification § t induces 
a strtification §' := {S[ , S 1 ^, S3} on Z, where SJ := Z \ Z S i ng , S' 2 :— Z S i ng \ 
(Z S i ng ) S i ng and S3 := (Z S i ng ) S i ng . To show that the stratification § t on M Vt is 
Whitney, we then just need to show that the stratification S' of Z is Whitney. 
Again, we show that for every i — 1,2,3 the stratum S z ' is Whitney regular over 
Sj for every j > i. The fact that S[ is Withney regular over S 2 follows as in Case 
1. We are then left to show that S[ and S 2 are Withney regular over S' 3 : but 
notice that as Z is 6— dimensional, we have that (Z S i ng ) S i ng is 0— dimensional, 
so that the stratum S3 is given by a point. By Lemma 1.10 of [2], we have that 
S'i and S' 2 are Whitney regular over S3, and we are done. □ 

2.3 Deformations and Mukai vectors of positive rank 

In this section we consider Mukai vectors v of positive rank, and we show that 
the deformation class of M v and K v depends only on the rank of v. To do so, we 
follow closely the arguments used by O'Grady in [Ti]. As first step, we remark 
that the tensorization via a line bundle does not change the moduli spaces. Let 
S be an abelian or projective K3 surface. 

Definition 2.25. Let v,v' £ H(S,1) be two Mukai vectors, v = (vo> ^2), 
v' = {v' ,v[,v 2 ) and vq,Vq > 0. We say that v and v' are equivalent if there is 
a line bundle L on S such that v' — v ■ ch(L). 

If (S, v, H) and (S, v' , H) are two OLS-triples such that v' — v-ch(L) for some 
line bundle L £ Pic(S), then the tensorization with L defines an isomorphism 
between M V (S, H) and M v i (S, H ). This is due to the following, which is Lemma 
1.1 of [23]: 
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Lemma 2.26. If v is a Mukai vector of positive rank, H is in a v— chamber, 
and L € Pic(S), then the tensorization with L gives an isomorphism between 
M V (S,H) and M V .(S,H). 

Remark 2.27. This Lemma is originally stated only for stable sheaves, but the 
argument goes through for semistable sheaves. Moreover, we can suppose that 
H is v— generic by Proposition ^. 81 

In order to give explicit deformations of an OLS-triple (S, v, H) where v = 
2(r, £, a) and r > 0, we use the irreducibility of the moduli space of polarized K3 
or abelian surfaces. Hence, it is useful to suppose £ = C\{H), which is always 
possible by the following: 

Lemma 2.28. Let (S,v,H) be an OLS-triple where v = 2(r, £, a) is such that 
r > 0. Suppose that p(S) > 2, and let C be the a v— chamber such that H £ C. 
Then there exists a Mukai vector v' — 2(r, £',a') such that 

1. v' is equivalent to v; 

2. £' is a primitive ample class lying in C. 
Moreover, we can choose v' so that (£') 2 0. 

Proof. First of all, by Proposition we can suppose H £ C. The proof is then 
essentially the one of Lemma II. 6 of |14j : there one requires £ to be primitive, 
but Yoshioka noticed that the same argument goes through in the more general 
case of r and £ prime to each other (see [H]). This last condition is always 
verified: write w = (r, f, a), which is primitive and w 2 = 2, i. e. £ 2 = 2ra + 2. 
Suppose that seiis such that r = sr' and £ = sf. Then s 2 (£') 2 = 2sar' + 2. 
As S is abelian or K3, we have (£') 2 = 21 for some I £ Z, so that s(sl — ar') = 1. 
As s £ N this implies s = 1, and we are done . □ 

An important class of OLS-triples is given by those on elliptic K3 or abelian 
surfaces, as in this case we hae a priyiledged class of polarizations. In order to 
prove that the deformation class of M V (S,H) depends only on the rank of v, 
the strategy will be to deform the OLS-triple (S,v,H) to an OLS-triple on an 
elliptic K3 or abelian surface with a polarization in this priviledged class. Let 
then Y be an elliptic K3 or abelian surface such that NS(Y) = Z • / ffi Z ■ a, 
where / is the class of a fiber and a is the class of a section. Let v be a Mukai 
vector on Y, and recall the following definition (see |14|): 

Definition 2.29. A polarization H on Y is called v— suitable if H is in the 
unique v— chamber whose closure contains f. 

We have an easy numerical criterion to guarantee that a polarization on Y 
is v~ suitable: 

Lemma 2.30. Let Y be an elliptic K3 or abelian surface such that NS(Y) = 
Z • a © Z • f, where a is a section and f is a fibre, and let v = (t!o,t>i,«2) 
be a Mukai vector on Y such that Vo > 0. Let H be a polarization such that 
C\{H) = a + If for some I £ Z. 

1. If S is K3, then H is v— suitable if I > |u| + 1. 

2. If S is abelian, then H is v— suitable if I > \v\. 
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Proof. If S is a K3 surface, this is Lemma 1.0.3 of [11] ■ For the abelian case the 
proof is similar: H is v— suitable if and only if D ■ H and D ■ f have the same 
sign for every D £ W v . Notice that D = aa + bf for some a,b £ Z, so that 
D ■ f = a. Suppose D ■ f > 0, i. e. a > 0. Then D ■ H = la + b and D 2 = 2ab. 
As D 2 > —\v\, we then get b > —l/2a. Hence 

D ■ H = la + b> \v\a - (\v\/2a) > 0, 

and we are done. □ 

The main result of this section is the following: 

Proposition 2.31. Let (Si,vi, Hi) and (5*2, t>2> H 2 ) be two OLS-triples verify- 
ing the two following conditions: 

1. Si and S2 are two projective K3 surfaces or two abelian surfaces; 

2. if v { = 2(ri,^i,ai), then n = r 2 > 0. 

Then M Vl (Si, Hi) is deformation equivalent to M t)2 (S , 2, H2) ■ In particular, The- 
orem \775\ is true for (Si, vi, Hi) if and only if it is true for (S2, £>2> ^2)- 

Proof. The argument we present here was first used by O' Grady in [11], then 
extended by Yoshioka in [32]. First of all, we can always assume p(Si) > 1 
and Hi in a Vi— chamber. Indeed, consider a non-trivial smooth, projective 
deformation ^ of Si along an open 1— dimensional disc A, and let £ A be 
such that 3£ifi ~ Si- By the Main Theorem of [17], we know that the locus 
of t £ A such that p(3^^t) > 1 is dense in the classical topology of A. If 
J#i £ Pic(3£i) is a deformation of Hi and J§fj £ Pic(^l) is a deformation of the 
line bundle Lj £ Pic(Si) such that Ci(L,) = £,*, then the triple (^i,t,Vi,t,^,t) 
is an OLS-triple for all but a finite number of t £ A: hence there is f € A such 
that p(Syi^t) > 1 and (^,4, V,,t, =^,t) is an OLS-triple. Applying Proposition 
12.81 we can then suppose Hi to be in a chamber. 

By Lemma 12.281 we can suppose the triples to be (Si,Vi, Hi) where u$ = 
2(r, ci(Hi), aj), and if if? = 2dj, then we suppose di ^> 0. Now, let Y be a K3 
(resp. abelian) surface admitting an elliptic fibration and such that 

NS(Y) =Z-a®Z-f, 

where / is the class of a fiber, and a is the class of a section. For i = 1,2, 
there is a smooth, connected curve T; and a deformation over 
Tj of the OLS-triple (Si,Vi,Hi) such that there is t £ Ti with the property 
{%i,t,Vi,t,H i>t ) = (Y,v'i,H!), where 

1. Ci(H-) = a + kf, where k > 0. 

2. u 1 ' = 2(r,ci( J ff?) > o i ). 

Let £'i := ci(H[). Notice that (v[) 2 — (v' 2 ) 2 and they have the same rank: hence 
Wi\ = \ v 2\i so that by Lemma \2. 301 a polarization is v[— suitable if and only if 
it is v' 2 — suitable. Again by Lemma 12.301 we have that H[ is v[— suitable for 
i = 1, 2, as li 3> 0. Then iJ( and ff^ ue m t ne same chamber 6 (which is clearly 
a u^— chamber for z = 1,2). By Proposition 12.81 we then change to a common 
generic polarization H £ C, which is w^— generic for i — 1, 2 by Lemma 12.61 
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As (v[) 2 = (v' 2 ) 2 , we have (^) 2 - 2rai = (C 2 ) 2 - 2ra 2 , and as 



(£) 2 = {<? + hff = 2k - 2, 
(in the abelian case we have £f = 2ij), we then get the equation 

h=h+r{a 1 -a 2 ). (2) 
Notice that v[ and v' 2 are then equivalent: indeed, we have 

v' 2 ■ ch{ff Y {{ ai - 02)/)) = 2(r, a + fa/, a 2 ) ■ (1, (01 - a 2 )/, 0) = 

= 2(r,<T + Zi/,ai) = v[, 

where the second equality follows from equation . By Lemma 12.261 we are 
then done. □ 

Remark 2.32. We observe that in order to relate M Vl (Si, Hi) and M V2 (S2, H2) 
in the previous proof, we only used deformations of the symplectic resolutions 
induced by deformations of OLS-triples along a smooth, connected curve, and 
isomorphisms between moduli spaces given by tensorization with a line bundle. 



2.4 Proof of Theorem [ITBl 

In this section we finally prove Theorem 11.61 the crucial facts are two lemmas 
due to Yoshioka [23]. If S is an abelian or projective K3 surface, write A for 
the diagonal of S x S, J?a for the ideal sheaf of A and, if S is abelian, let & 
be the Poincare bundle on S x S. 

Lemma 2.33. (Yoshioka). Let (S,v,H) be an OLS-triple where v = 2(0, £, a) 
and H is in a v— chamber. Moreover, let v := 2(a,£,0), and suppose a ^> 0. 

1. If S is K3, then the Fourier-Mukai transform 3 : D b (S) — > D b (S) with 
kernel J'a sends any H— (semi) stable sheaf with Mukai vector v to an 
H— (semi) stable sheaf with Mukai vector v. In particular, it defines an 
isomorphism between M V (S, H) and M^(S, H). 

2. If S is abelian, then the Fourier-Mukai transform 3^ : D b (S) — > D b (S) 
with kernel sends any H — (semi) stable sheaf with Mukai vector v to an 
H— (semi) stable sheaf with Mukai vector v. In particular, it defines an 
isomorphism between K V (S, H) andKjj(S,H). 

Proof. Let w := v/2 and w := v/2. By Proposition 3.14 of [23], as a 3> the 
Fourier-Mukai functor of the statement sends an H— stable sheaf with Mukai 
vector v (resp. w) to an H— stable sheaf of Mukai vector v (resp. US), hence 
it defines an isomorphism between M£ and Mi (resp. between MJ and M~). 
Notice that as H is v— generic, then it is even w— generic. As w and w are 
primitive, we then have M w = and Mq = Mi, so that the Fourier-Mukai 
transform of the statement defines an isomorphism between M w and M^. As 
M v = M* U S 2 M W and M? = M| U S 2 M a , we are done. □ 

The following lemma is Theorem 3.18 of [24 : 
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Lemma 2.34. (Yoshioka) . Let S be an abelian or projective K3 surface such 
that NS(S) = Z • h, where h — c\(H) is ample. Let n,r £ N such that a := 
(n 2 — l)/r € Z, and suppose n ^> 0. 

1. The Fourier-Mukai transform J : D b (S) — > D b (S) with kernel J^a sends 
H — (semi) stable sheaves with Mukai vector 2(r,nh,a) to H— (semi) stable 
sheaves with Mukai vector 2(a,nh,r). In particular, it defines an isomor- 
phism between M 2 ( r ,nh,a){S,H) and M 2 ( a ,nh,r){S, H). 

2. The Fourier-Mukai transform J : D b (S) — > D b (S) with kernel 3? sends 
H— (semi) stable sheaves with Mukai vector 2(r,nh,a) to H— (semi) stable 
sheaves with Mukai vector 2(a,nh,r). In particular, it defines an isomor- 
phism between K 2 ( r ,nh,a)(S,H) and K 2 ( a ,nh,r){S,H). 

We now proceed with the proof of Theorem 11.61 
Theorem 1.6. Let (S,v,H) be an OLS-triple. 

1. If S is projective K3, then M V (S,H) is irreducible symplectic and defor- 
mation equivalent to M\q. 

2. If S is abelian, then K V (S,H) is irreducible symplectic and deformation 
equivalent to Kq. 

Proof. Let S be a projective K3 surface (the proof in the abelian case is ana- 
logue), and write v = 2(r,£,a). We show that M V (S,H) is deformation equiva- 
lent to M 2 (o,h,o) {Xi H), where X is a surface such that NS(X) — Z-h, h — c\{H) 
is ample and H 2 = 2. The equivalence is obtained using deformations of the 
simplectic resolutions induced by deformations along smooth, connected curves 
of the corresponding^OLS-triple, and isomorphism between moduli spaces. As 
a particular case is M\q, we will be done. 

Step 1 : suppose that NS(S) — Z- h where h = ci(H) is ample and H 2 = 2, 
and suppose v — 2(0, h, a) where a — 2k for some k £ Z. Then M V (S,H) ~ 
M 2 c Q ^fl\(S, H): indeed, it is immediate to see that v = 2(0, h, 0) • ch{ffs{kH)). 
As tensoring with a multiple of H does not change if— (semi) stability, we get 
an isomorphism 

M 2(0tht0) (S,H) — > M 2(0M (S,H), E^E(g>lf s (kH), 

and we are done. 

Step 2: suppose that (S, v, H) is an OLS-triple such that r > 0. By Proposi- 
tion l2.31l we know that M V (S, H) is deformation equivalent to M 2 ( r nh a }(X, H), 
where a — (n 2 — l)/r, for some n £ Z. Choose n such that the corre- 
sponding a is even. As n > 0, point 1 of Lemma 12.341 gives an isomorphism 
between M 2 t r , n h,a){X,H) and M2( a ,nh,r)(X,H), which is deformation equiva- 
lent to M 2 ( a i l )(X,H) by Proposition 12.311 As a > 0, by point 1 of Lemma 
I2.33l we have an isomorphism between M 2 r aih>0 \(X, H) and M 2 ro,h,a)(X, H). As 
a is even and NS(X) = Z • h where h = ci(H) is ample and H 2 = 2, we have 
M 2(o,hM){X,H) ~ M 2 ( 0l h,o)(X,H) by Step 1, and we are done. 
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Step 3: suppose that (S, v, if) is any OLS-triple such that r = 0. Let d € N 
and «':=«• ch(ff s{dH)). As tensoring with a multiple of if does not change 
if— (semi) stability, we have an isomorphism 

M V {S,H) — >M V >(S,H), E®ff s {dH). 

Notice that 

v' = 2(0, £, a) ■ (1, dH, d 2 H 2 /2) = 2(0, £, a + dff • £). 

As if is ample and £ is effective, we have £ • if > 0, so that choosing d>0wc 
get a + d£ ■ if 3> 0. We can then suppose w = 2(0, £, a) where a>0, hence we 
can suppose even that if is in a v— chamber. By point 1 of Lemma l2.33l we have 
then an isomorphism between M V (S,H) and Mg(S,H), where v := 2(a, £, 0). 
We are now in the situation of Step 2, hence we are done. □ 

3 The second integral cohomology of the moduli 
spaces 

Let (5 1 , v, if) be an OLS-triple. In this section we define a morphism 

A„ : v 1 - — > H 2 (M V ,Z). 

For primitive Mukai vectors v with v 2 — 0, this was defined (using semi-universal 
families) first by Mukai [12] , who showed that it gives a Hodge isometry between 
v /Z ■ v and if 2 (M„,Z) (in this case M v is a K3 surface). For v primitive 
and v 2 > 2, this morphism was constructed by Mukai [13] . O' Grady [13] and 
Yoshioka [22], who showed that gives a Hodge isometry between v 1 - and 
if 2 (M v , Z) (the latter being a lattice with respect to the Beauville form, as it 
is an irreducible symplectic manifold). 

In the present section we define X v for any OLS-triple (S,V,H): as in the 
case of primitive Mukai vectors, using a semi-universal family on S x one 
defines a morphism A£ which, a priori, takes values only in if 2 (M*,Q). As 
(S,v,H) is an OLS-triple, is an open subset which is strictly contained in 
M v , hence the problem is to extend A s v to a morphism A„ which takes values 
in if 2 (My,Z). To show that such an extension exists, we show first, using the 
Le Potier morphism, that if a G (v then A s v (a) extends to a unique class 
X v (a) £ H 2 (M v ,Jj) (which is, moreover, the first Chern class of a line bundle 
on M v ). Using a deformation argument we extend this result to every a € v . 
The details of the construction are explained in section 3.2. 

The main result of the section is to show that the morphism A„ is a Hodge 
isometry between v 1 - and if 2 (M v , Z) (or if 2 (K v , Z) if S is abelian) . Before 
doing this, we need to show that on if 2 (M„,Z) one has a pure weight- two 
Hodge structure and a lattice structure: as shown in section 3.1, these are 
induced by the respective structures on H 2 (M V ,Z) (the lattice structure given 
by the Beauville form, as M v is now known to be an irreducible symplectic 
manifold), as a consequence of the fact that the singularities of M v are rational. 
In section 3.3 we show that A^ is a Hodge isometry by following the steps of the 
proof of Theorem ll.6l namely, to show that A„ is a Hodge isometry is equivalent 
to show the same property for the O' Grady examples; in these cases, this follows 
immediately by [18] . 
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3.1 Hodge and lattice structures 

In this section we show that H 2 {M V , Z) and H 2 (K V ,Z) admit a pure weight- two 
Hodge structure and a lattive structure for any OLS-triple (S,v,H). As a first 
step we show that they are free Z— modules. 

Lemma 3.1. Let X be a normal, irreducible projective variety with rational 
singularities, and let f : X — 5- X be a resolution of the singularities. The 
morphism f* : H 2 (X,Z) — > H 2 (X,Z) is infective. 

Proof. As X is a normal, irreducible projective variety having rational singu- 
larities and / : X — > A is a resolution of singularities, then Ptf^G^ = for 
every i > 0. Moreover, by the Zariski Main Theorem the natural morphism 
ffx — ► f*&x IS an isomorphism, and ~ 6 X . Applying the functor 

to the exponential sequence of X we then find R 1 f*Z = 0. Using the Leray 
spectral sequence 

E\' q := H p (X,R q f*Z) =^> H p+q := H p+q (X,Z), 

we have E%' = for every p 6 Z, so that the map E 2,0 — > H 2 is injective. 
But this is the map /* : H 2 (X, Z) — > H 2 (X, Z), and we are done. □ 

Corollary 3.2. Let (S, v, H) be an OLS-triple. 

1. LfS is K3, then H 2 (M V ,Z) is free. 

2. LfS is abelian, then H 2 (K Vl Z) is free. 

Proof. If S is a K3 surface, then M v has rational singularities: indeed, it admits 
a symplectic resolution, hence the singularities are canonical, so it has rational 
singularities by Elkik [3]- By Lemma IcTTl 

7T* : H 2 (M V ,Z) — ► H 2 {M V1 Z) 

is injective. Finally, by Theorem 11.61 we know that M v is an irreducible sym- 
plectic manifold, hence it is simply connected. This implies that H 2 {M V ,Z) is 
free, so H 2 (M V , Z) is free. The case of abelian surfaces is analogue. □ 

Remark 3.3. By Lemma I3TT1 and the proof of Corollarv l3.2l the pull-back mor- 
phism 7r* : H 2 (M V , Z) — > H 2 (M V ,Z) is an injection of mixed Hodge structures. 
By strict compatibility of the weight hltrations, the mixed Hodge structure on 
H 2 (M V ,Z) is then pure of weight two. Explicitely, the pure weight- two Hodge 
structure on H 2 (M V ,Z) is defined as follows: 

Definition 3.4. Let (S, v, H) be an OLS-triple where S is a K3 surface. The 
pure weight-two Hodge structure on H 2 (M V ,Z) is defined as follows: 

H 2 -°(M V ) := n*(H 2 {M v ,C)) n H 2 <°(M V ), 

H 1,l {M v ) := 7r*(H 2 (M v , C)) n H^{M V ), 
H°' 2 (M V ) := ir* v (H 2 (M v ,C)) n H°' 2 (M V ). 
Similarily, we define the pure weight-two Hodge structure on H 2 (K V ,Z). 
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We now deal with the lattice structure. Recall that if (S, v, H) is an OLS- 
triple, then M V (S,H) and K V (S,H) are irreducible symplectic manifolds. This 
implies that on H 2 (M V ,Z) and H 2 (K V ,Z) we have a lattice structure with 
respect to the Beauville form. As 7r* is injective, this induces a lattice structure 
on H 2 (M V , Z) and H 2 (K V ,Z) which is compatible with the Hodge structure we 
just defined. More explicitely, we have the following: 

Definition 3.5. Let (S,v,H) be an OLS-triple where S is a K3 surface. We 
define a lattice structure on H 2 (M V ,Z) in the following way: define a quadratic 
form q v on H 2 {M Vl Z) by letting, for every a, (3 £ H 2 (M V ,Z), 

q v (a,(3) := q v (n*a,Tr*/3), 

where q v is the Beauville form of M V (S,H). Similarily, we define a lattice 
structure on H 2 {K Vl Z) for every OLS-triple (S,v,H) where S is an abelian 
surface. 

3.2 Mukai-Donaldson-Le Potier morphism 

In this section we define a morphism 

A„ : v 1 - — > H 2 (M V ,Z) 

for every OLS-triple (S,v 7 H). The strategy is the following: consider a semi- 
universal family J? on S x M£ of similitude p. Then define 

■ H 2 *(S,Z) — ► H 2 (M:,Q), K^(a) := -\p M 4p* s (a v ■ VtdS) ■ch{&))] 1 . 

P 

Here, if a = (a>o, a\, (X2), we define a v := (ao, — cei, 012), and pu and ps are 
the two projections of S x to and S respectively. If S is abelian, 
composing with the inclusion morphism : — > M% we then get a morphism 

K,& : = iv K,&- 

Now, if a e v 1 - and are two semi-universal families, then \ s v = 

K.j?'( a ) (resp. v s v 3f (a) = v s v ^,{a)). We have then a map 

A: : v ± — ► H 2 (M S V , Q), (resp. v s v : v 1 - — ► H 2 {K S V , Z)) 

which does not depend on the chosen semi-universal family. The problem is to 
extend A* to a morphism 

A„ : v 1 - — > H 2 (M v , Z) , 

i. e. such that if i v : M£ — > M v is the inclusion, we have A£ = i* o A„. If S is 
abelian, and j v : K v — > M v is the inclusion, we then get a morphism 

v v :=j* v o\ v :v ± ^H 2 (K v ,Z). 

In order to do this, we need to study the relation between H 2 {M V ) and H 2 (M^). 
We have the following: 
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Lemma 3.6. Let (S,v,H) be an OLS-triple, and let i v : — > M v (resp. 
i v : K* — > K v ) be the inclusion. Then 

i* v : H 2 (M V ,Z) ^ H 2 (M^Z) 

(resp. i* : H 2 (K^,Z) — > H 2 (K V ,Z)) is injective. 

Proof. We have a commutative diagram, every row of which is exact: 

H 2 (M V ,M S V ) A H 2 (M V ,Z) 4 H 2 (M^Z) 

fi 7T*4- T^4- (3) 

H 2 (M V , TTy 1 (M^)) 4 H 2 (M V ,Z) 4 H 2 (^\M S V ),Z) 

where i v is the restriction morphism from M v to tt~ 1 (M^). As M„ \ ~ £„, 
which is irreducible, we have H 2 (M V , tt~ 1 (M^)) ~ Z, and c(l) = Ci(X„). Let 
a G H 2 (M V , Z) be such that i%(ct) = 0, so that i*o7r*(o!) = 0. As the second row 
of the diagram is exact, there is n G Z such that 7r*(a) = c(n) = nci(E„). 
Now, we introduce the following notation: let C E„ be the smooth locus of 
£„. Following [15] we know that n v : tt^ 1 (Y1^) — > is a P 1 — bundle, whose 
generic fiber is then a rational curve 5. As 5 is contracted by 7r„, we have 
7r*(a) -(5 = 0. On the other hand, by adjunction the normal bundle to Yi v is the 
canonical bundle of Yi v , hence it has degree —2 on 5. In conclusion, we have 

= vr*(a) • 8 = nci(T, v ) ■ 6 = —2n, 

so that n = 0. Hence TT*(a) = 0, but as ir* is injective by Lemma l3~Tl we then 
have a — 0, so that i* is injective, and we are done for the K3 surface case. The 
proof of the abelian case is similar. □ 

By Lemma 13.61 if a e u 1 and ni(a), 112(0) € H 2 (M V ,Z) are such that 
i* v (^i(a)) — z*(^2(a)), then by Lemma we have that Hi(a) = [12(a). Hence, 
if there is an extension of A* (a) to an element of H 2 (M v , Z) , then this extension 
is unique, and we call it X v (a). In conclusion, the problem is only to find an 
extension. 

In order to do so, we recall a construction due to Le Potier. Let Khoi{S) be 
the holomorphic if —theory of S, and let 

vecf : K hol (S) — ■» H 2 *(S,Z), vect v ([E]) := (v(E)) v , 

where [E] is the class in Khoi{S) of a sheaf 2£ on S. Notice that vect v gives an 
isomorphism between K ho i(S) and ff M (S") H H 2 *(S,Z). Let 

(., .) : iWS) x K ho i(S) — > Z, ([£], [i* 1 ]) := x (£ ® F), 

and it is easy to see that ([E], [F]) — —(v(E),v(F)) for every sheaves E,F on 
S. Let <S be any sheaf parameterized by M V (S, H), e v := \§\ and ej~ C Khoi(S) 
the orthogonal of e„ with respect to (.,.). Finally, let Q v be a Quot-scheme such 
that M v = Q V /GL(N) for some N £ Z, and let i?„ C <3„ be the open subset of 
Q v parameterizing H— semistable quotients. Let qa and qs be the projections 
of S x R v onto R v ad 5 1 respectively, and let & be a universal family on 5 x . 
Then define 

: K hol (S) — ► Pic(i^), L»^([£7]) := dei(p fl i(p£[£7] • [J^])). 
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If & and are two universal families on S x R v , then L^^([E]) = L^^,([E]) 
for every [E] £ (see Lemma 1.2 of Q33), so we get a morphism 

L*:e^ ^ Pic(R v ). 

Lemma 3.7. Let (S,v,H) be any OLS-triple. Then for every [E] £ the line 
bundle L^([E]) descends to a line bundle L V ([E]) £ Pic(M v ). 

Proof. The line bundle L^([E\) has a natural GL(N)— linearization inherited 
from the one we have on J? ' . Let [P] £ R v be a point with closed GL(N)— orbit 
corresponding to a sheaf F £ M v . Let tt : R v — > M v be the quotient morphism, 
so that 7r([P]) = F. We need to show that the action of the stabilizer Stab([P]) 
is trivial on the fiber L^([E])[ P ] . We know that this is the case if F is H— stable 
by OH], hence we suppose F — (F\ ® Vi) © (F 2 <£> V 2 ), where F2 are P— stable 
and Vi, V2 are vector spaces. We know that 

Stab([P]) ~ Aut(F) ~ GL(Vi) x GL(T/ 2 ). 

Moreover, we have 

L*([E]) [P] ~ (g) (det(H'(F i ®E)) dim W ® (dei(^)) x(Fl ® £) ) , 
»=i ^ ' 

and the action of an element (Mi, M2) € Sta&([P]) is simply the multiplication 
by det{M 1 )^ F ^ E Uet{M 2 ) x(F2 ^ E) . As the polarization H is u— generic, then 
u(Fi) = v(F 2 ) = v/2: hence, as [E] £ e^, we get x{Fi®E) = x{F 2 ®E) = 0. In 
conclusion, the action of any element of the stabilizer is trivial, so that L^([E]) 
descends to a line bundle L V ([E]) £ Pic(M v ). □ 

Remark 3.8. We observe that the argument of the previous lemma works for 
every Mukai vector v and every v— generic polarization. 

We have, in conclusion, a morphism L v : e^ — > Pic(M v ). The main result 
of the section is the following: 

Proposition 3.9. Let (S,v,H) be any OLS-triple. Then there is a morphism 

X v :v x — > P 2 (M„,Z) 

such that i* o A„ = . 

Proof. By Lemma 13.71 we have a morphism L v : e^ — > Pic(M v ). An applica- 
tion of the Grothendieck-Riemann-Roch Theorem shows that if a € (« ) 1, and 
[E] £ e„ is the unique element such that vect v ([E}) = a, then 

X s v (a)=i* v ( Cl (L v ([E}))) 

(for a similar computation, see [H]). Hence, we define X v (a) := ci(L v ([E])), so 
that we finally get a morphism 

X v : (t^) 1 ' 1 ~^H 2 (M V ,Z). 
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It remains to show that we can define A^ on the whole v . To do so, we use a 
deformation argument. Let 

fl := {uj E F(H 2 (S, C))|wUw = 0, w U ZJ > 0} 

be the open subset of a quadric in ¥(H 2 (S, C)) which parameterizes periods of 
K3 surfaces. Let % be the Kuranishi family of for S, and let p : % — > SI be 
the period map. Let to : = p(S) € ^) an d let C be a smooth, connected curve 
in passing through to- Let (JT,_£f, JF) be a deformation of (S,v,H) along 
C: for every t G C, we have that t = p(^ t ) is the period of J£t, and notice that 
u 4 € £T M ( J" t )- Let / : 3£ — > C and let <f> : M — > C be the relative moduli 
space of semistable sheaves with Mukai vector v. By Corollary 12.241 there is an 
analytic open neighborhood U of to € C such that / _1 (£7) is homeomorphic to 
the product S xU over {/, and _1 (C/) is homeomorphic to the product M„ x f 
over U. Up to shrinking U, we can even suppose that the local systems Rf*Z, 
R 2 f*Z, R 2 (f>^Z and i? 2 </>JZ are constant (hence even those with coefficients in Q, 
R and C are constant). Notice that this means that we can identify H 2 *(%1, Z) 
with H 2 *{S,1) (as lattices), ff 2 (JT t ,C) with iJ 2 (S,C) (as lattices), iJ 2 (M„ t ,Z) 
with H 2 (M V ,Z) and H 2 {M° t ,Q) with H 2 {M°,Q). As w is constant over [7, we 
can then consider V C i?/»Z to be a local system such that for every t E T 
we have V t = v^. As we have relative semi- universal families, then we define a 
morphism 

A : V — > i? 2 ^Q, 

such that for every t E U we have At = X Vt . Notice that we just need to 
show that there is a system of generators ati, ...,023 € v 1 - such that for every 
i = 1, ...,23 there is t; € £/ such that a* E (v^:) 1 ' 1 . Indeed, by Lemma [3.71 we 
have that A* (ai) extends to a unique element X Vt , (a,) E H 2 (M Vt , , Z). Hence 
even \y(a>i) extends to a unique A„(aj) E H 2 (M V ,Z). Now, let a E then 
there are fi\, ■■■,[123 such that 

23 

a = y^^qj. 

i=l 

But this implies that A* (a) extends to the element 

23 

A„(a) := ^ j HiX u {aj) E H 2 (M V ,Z), 

2=1 

and we are done. 

We then prove that there is a system of generators ai,...,tt23 E v such 
that for every i — 1,...,23 there is £j G U such that an E (v^:) 1 ' 1 . To do so, 
define V :— v ® C, which is a 23— dimensional complex vector space, and let 
P := P(V). Notice that for every t E U we have that t is the period of 3£t-, hence 
it is a (2,0)— class on 3£t- as v t E H 1 ' 1 (^ t ), then t E Ujf, so that in conclusion 
we have U C P. Consider the incidence variety / C [/ x P, i. e. 

/:={(*, N)e^xP|(t, w ) = o}, 

together with the two projections g and h to U and P respectively. Notice that 
if t € C/, then t is the period of 3£t, so that 

st 1 ^) ~ p(u t - L «cn (h 2 -°( jr t ) © Er 1 - 1 ^))) c p(u t - L $ c) ~ p. 
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Hence this implies that / is a smooth variety, and dim(I) — dim(P). 

Now, let us suppose that there is a point w g V n n H 2 *(S,R) 

such that [w] g im(h) and it admits an open analytic neighborhood IX which 
is contained in im(h). Then then implies that there are ct\, a 2 z € v 1 - which 
form a system of generators, and such that [a»] G It for every i = 1, 23. Then 
[a*] € im(h), which implies that for every i = 1, 23 there is ti g 17 such that 
(tj, [cti]) € /, i. e. a.i is orthogonal to ti with respect to the Mukai pairing on 
H(3£ u )- As U is the period of SC ti , this means that a, g H 2 '°( ^Jetf 1 ' 1 ^.). 
Finally, recall that Qj g v- 1 , so that Oj e d ( -|, hence on = on. But this implies 
that on g H 1 ' 1 (%l i )- In conclusion, we have on g (u^) 1,1 . 

In conclusion, we just need to prove that there is w G Fn_ff 1,1 (5)niJ 2 *(5, R) 
such that [u>] G im(h) and which admits an open analytic neighborhood U 
contained in im(h). This is an immediate consequence of the following: 

Lemma 3.10. There is w g V n H 1 ' 1 ^) n iJ 2 *(S,R) sucft t/iaf i/ie map 

dh( to ,[w}) ■ T {Uu [w])I — > T [w f 

is an isomorphism. 

Proof. Let T be the tangent line at U in to. As U C P, then there is a 
2— dimensional linear subspace W Q V such that P(W) = T. Notice that 
as t is the period of S, then T C P(V n (H 2 '°(S) ffi 5" 1 ' 1 (6'))), so that in con- 
clusion C V n (H 2 >°(S) 8 i? 1 ' 1 ^)). Let VK-L be the orthogonal to with 
respect to the Mukai pairing on V. As dim(W) — 2, then dim(W ± ) = 21. If 
for every tu g V n ff 1 ' 1 ^) we havejthat to e W^, then VK 1 - = F n H 1 ' 1 ^) (as 
dim^nfl^' 1 ^)) =21). But (VHH^iS)) 1 - = Vn (H 2 >°(S)(£H > 2 (S)), hence 
W = Vn(H 2 ' (S)(BH ' 2 (S)), which is not possible. In conclusion, there is a w G 
VnH 1 ' 1 (S) such that to ^ W^. Moreover, we can suppose that w G H 2 *(S,R): 
indeed, as H^^m defined over R, then if V n tf 1 ' 1 ^) n if 2 * (S, R) C W^, 
then we have V n H 1 ' 1 (S) C VK- 1 -, which is not possible as we have just seen. 

Consider [to] G P, and let M C V be the line such that P(M) = [to], so 
that M is not contained in W^. Moreover, let L C V be the line such that 
P(L) = t a . Recall that 

T [lu] P~ Ham(M,V/M), 
T( to ,[w])( U x p ) - Hom{L, W/L) x Hom(M, V/M). 
By definition of /, we then have 

r ( t ,M)J = e T (t0i[t0]) (i/ x p) | (0(0,™) - (/, V(m)) = o}, 

where the equation is true for every I G L and every to g M. Moreover, we have 

dh (t ,[w]) ■ T (t ,M) 7 — ► t h P ' ^(to.H)^'^) = ^- 

As / is smooth and dim(I) — dim(F), in order to show that dh{t ^ w ^ is an 
isomorphism we just need to show that it is surjective. Consider then ip g 
Hom(M,V/M): as M is not contained in W ± , for every I g L there is an 
element 0(1) g PF such that 

(V(m),O = -(m,0(O) 
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for every m £ M. But this defines an element </> £ Hom(L,W/ L) such that 
(<j>,ip) £ T( tQ! [ m ])7 and dh it0t[w]) ((j),ip) = rp, and we are done. □ 

□ 

3.3 Proof of Theorem H77I 

The aim of this section is to prove the following: 

Theorem 1.7. Let (S,v,H) be an OLS-triple. 

1. If S is K3, then X v : v — > H 2 (M V ,Z) is a Hodge isometry. 

2. If S is abelian, then v v : v — > H 2 (K V ,Z) is a Hodge isometry. 

Proof. Let (S,v,H) be an OLS-triple. We need to show the three following 
properties: 

1. Ad (resp. v v ) is an isomorphism of Z— modules; 

2. X v (resp. v v ) is an isometry; 

3. A„ (resp. v v ) is a Hodge morphism. 
We introduce the following notations: 

X v := tt* v oA„:«M H 2 (M V ,Z), v v := n* o v v : v ± — > ff 2 (^, Z). 

S'tep i. If 5 is an abelian or projective K3 surface such that NS(S) — Z ■ h, 
where h = C\(H) is ample and h 2 — 2, and v — (2,0, —2), then X v and !/„ are 
Hodge isometries: this is proved in |18j . 

Step 2. Let (S, v, H) be an OLS-triple. We show that A„ is an isomorphism of 
Z— modules. Following the proof of Theorem ll.6l we reduce to the case of Step 1: 
the only transformations we use are deformations of the moduli spaces induced 
by deformations of the corresponding OLS-triple along a smooth, connected 
curve, and isomorphisms between moduli spaces induced by some Fourier-Mukai 
transforms. Deforming an OLS-triple along a smooth, connected curve does not 
change the Z— module structures of v and of H 2 (M V ,Z); for the isomorphism 
induced by the Fourier-Mukai tranform we have the following: 

Lemma 3.11. Let (S,v,H) be an OLS-triple. 

1. If S is K3, let £ D b {S x S) and 5> : D b {S) — ► D b (S) the Fourier- 
Mukai transform with kernel . Moreover, let (f>3*> be the morphism in- 
duced by'Sg? in cohomology, and let v' := <j>gp(v). If5@> is an equivalence 
and it induces an isomorphism f@> : M V >(S,H) — > M V (S, H), then X v is 
an isomorphism if and only if X v > is an isomorphism. 

2. If S is abelian, let @> £ D b (S x S) and 3 > : D b (S) — ► D b (S) the 
Fourier-Mukai transform with kernel 2? . Moreover, let (j>& be the mor- 
phism induced by in cohomology, and let v' := <j>&>(v). If 3 " s? is an 
equivalence and it induces an isomorphism f @> : K v i(S,H) — > K V (S,H), 
then v v is an isomorphism if and only if v v i is an isomorphism. 
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Proof. We show the first point, as the second is similar. We show that the 
diagram 

v — > [v ) 

Kl La„ (4) 

H 2 (M V ,Z) H 2 (M V >,Z) 

is commutative. By the construction of A„ and A„', this is true if the following 
diagram 

v — > (v ) 

ki Ik (5) 



is commutative, and this is shown to be true by standard computations (see for 
example Proposition 2.4 of |23j). As <j)^> and f*^ are isomorphisms, then A„ is 
an isomorphism if and only if X v > is, and we are done. □ 

In conclusion, we reduce to the case of Step 1, so that A„ is an isomorphism 
of Z— modules for every OLS-triple (S,v,H). 

Step 3. We prove now that A„ is an isometry between v (which has a 
lattice structure given by the Mukai pairing) and H 2 (M V ,Z) (which has lattice 
structure as seen in section 3.1). Again, we reduce to the case of Step 1 following 
the proof of Theorem 11.61 as in the previous step, the only transformations 
we use are deformations of the moduli spaces induced by deformations of the 
corresponding OLS-triple along a smooth, connected curve, and isomorphisms 
between moduli spaces induced by some Fourier-Mukai transforms. As the 
lattice structures of v and of H 2 (M V ,Z) are locally constant along a smooth, 
connected curve, we just need to analyze the isomorphism induced by Fourier- 
Mukai transforms. We have the following: 

Lemma 3.12. Let (S\,V\,H\) and {Si^v^, H%) be two OLS-triples. 

1. If Si and 5*2 are K3 and there is an isomorphism f : M Vl — > M V2 , then 
the morphism f* : H 2 (M V2 ,Z) — 5- H 2 (M Vl ,Z) is an isometry. 

2. If S\ and S2 are abelian and there is an isomorphism f : K Vl — > K V2 , 
then the morphism f* : H 2 (K V2 ,1,) — > H 2 (K Vl ,'Z) is an isometry. 

Proof. We prove the first point, as the second is similar. We have a commutative 
diagram 

H 2 (M V2 ,Z) A H 2 (M V1 ,Z) 

H 2 (M V2 ,Z) ^> H 2 (M V1 ,Z). 

By hypothesis, we have that / is an isomorphism. Moreover, 7rJ and 7r* 2 are 
morphisms of lattices, and /* is an isometry by [2]. Hence /* is an isometry, 
and we are done. □ 

In conclusion, we reduce to the case of Step 1, so that A,; is an isometry for 
every OLS-triple (S, v, H). 

Step 4- We show that A„ is a Hodge morphism. Suppose in the following 
that S is a K3 surface (the proof for S abelian is analogue). To show that A„ is 
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a Hodge morphism is equivalent to show that X v is a Hodge morphism. Notice 
that as X v is an isometry by Step 3, then A„ is an isometry onto its image. 
Recall that A„ is defined as an extension of the morphism 

AS : v x — ► H 2 {M° ,Q), AS (a) = - \p* (q* (a v • y/td(Sj) ■<*(&)]!, 

P 

where p is the similitude of J? and p, q are the two projections of S x onto 
M„ s and S respectively. As c/i(J^€ H 2 *(S x M„ S ,Q), and as M° is (up to 
isomorphism) an open subset of M v , taking the closure of the cycles chi(^) 
we get a class c e H 2 *(S x M^Q), whose component Cj G if 2i (5 x M„,Q) 
represents a (i, i)— class. Let p and q be the projections of S X M v onto M v and 
S 1 respectively, and consider the morphism 

Pv ■ v 1 - — ► H 2 (M V ,Q), p v (a) := ~[p*(g> V • v 7 ^)) • c)]i- 

On u 1 - and -ff 2 (M„,Q) we have pure weight- two Hodge structures, and p v is a 
Hodge morphism. Now, a priori the morphisms A„ and p v are not equal, but 
we have the following: 

Lemma 3.13. For every uj G (v^) 2 ' we have \ v (u>) = p v (uj). 

Proof. Let i v : n~ 1 (M%) — > M v be the inclusion. By the very definition of A„ 
and p v , for every u G (w 1 ) 2,0 we have i*(A v (w)) = i%(ji v {u)). Moreover, the 
kernel of the morphism 7* : H 2 (M V ,Q) — > H 2 (n- 1 (M°) , Q) is Q ■ Ci(E„), so 
that X v (uj) — p v (uj) = qc\{Y, v ) for some q G Q. But 

(A„(w) - -5 = 0, 

so that q = 0, and X v (u>) = p v (oj) for every w G (u^) 2,0 . □ 

As /j„ is a Hodge morphism, by Lemma r3.13l we have that A v (to) G H 2 -°(M V ) 
for every w G (w^) 2,0 . Now, consider a G v 1 - n (H 2 >°(S) fl 1,1 ^)). Then, for 
every ui G (u^) 2,0 we have (ce,ui) = 0, where (., .) is the Mukai pairing on v 1 . 
As A„ is an isometry by assumption, we have then 

q v (X v (a),X v (uj)) = 0, 

where q v is the Beauville form of the irreducible symplectic manifold M v . But 
this implies that X v (a) G H 2 '°(M V ) ®H 1 ' 1 (M V ) for every a € v x D {H 2 >°{S) ® 
H 1 ' 1 (S)). In conclusion, we see that At, respects the Hodge filtrations, hence it 
is a Hodge morphism, and we are done. □ 
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